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Abstract 

The main result of this paper is a characterization of the abehan varieties B/K defined 
over Galois number fields with the property that the zeta function L{B / K; s) is equivalent 
to the product of zeta functions of non-CM newforms for congruence subgroups ri(iV). The 
characterization involves the structure of End(_B), isogenics between the Galois conjugates 
of B, and a Galois cohomology class attached to B/K. 

We call the varieties having this property strongly modular. The last section is devoted to 
the study of a family of abelian surfaces with quaternionic multiplication. As an illustration 
of the ways in which the general results of the paper can be applied we prove the strong 
modularity of some particular abelian surfaces belonging to that family, we show how to 
find nontrivial examples of strongly modular varieties by twisting, and prove the existence 
of strongly modular surfaces satisfying certain properties. 
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1 Introduction 

We will work in the category of abelian varieties up to isogeny, in which the objects are abelian 
varieties and the morphisms between two varieties A and B are the elements of the Q-vector 
space Hom'^(A, B) := Q CSz Hom(A, B), where Hom(A, B) denotes the usual Z-module of homo- 
morphisms between abelian varieties. In particular, the isogenics become isomorphisms in our 
category. For ease of notation we will use the standard Horn, End and Aut to denote morphisms 
up to isogeny (in the literature they are often denoted with a zero superscript). As usual, a 
field as a subindex means morphisms defined over that field. The notation A ^ B will denote 



that the abehan varieties A and B are isogenous, and A B that they are isogenous with an 
isogeny defined over the field K. 

Let / = Y^a^q^ be a weight two newform for a congruence subgroup ri(A'^), and let Ef = 
Q({an}) be the number field generated by its Fourier coefficients. Shimura attached to / an 
abelian variety A^ defined over Q that he constructed as a subvariety of the Jacobian Ji{N) 
of the modular curve Xi(N). The variety Aj has dimension equal to the degree [Ej : Q], the 
algebra EndQ(^/) of its endomorphisms defined over Q is isomorphic to the number field Ef, 
and the zeta-function L{Af/Q;s) is equivalent (i.e. coincides up to a finite number of Euler 
factors) with the product Yl LC^f; s) of the zeta-functions of the Galois-conjugates of the form 
/ (cf. [17, Section 7.5]). 

The abelian varieties Af and, more generally, all abelian varieties A/Q that are isogenous 
over Q to some Af are usually known as modular abelian varieties. This modularity property 
has many important consequences and applications, for example: 

• modularity implies the Hasse conjecture for the zeta function L{A/Q; s); 

• the theory of Heegner points and results by Gross-Zagier and Kolyvagin produce partial 
results for the variety A/Q in the direction of the Birch and Swinnerton-Dyer conjecture; 

• the modularity of Prey's elliptic curves can be used to solve certain Diophantine equations 
of Fermat-type. 

Because of these nice properties modular abelian varieties have been intensively studied and 
exploited in the last decades. In practice one can easily compute and work with modular forms 
and the corresponding modular abelian varieties thanks to the powerful tool provided by the 
theory of modular symbols: see [2] for elliptic curves and [18] for arbitrary dimension. The 
computer systems Magma and Sage include packages programmed by William Stein that are able 
to perform many explicit computations with those objects. 

In the other direction, one would like to characterize the modularity of a given variety A/Q. 
In the one-dimensional case, the Shimura-Taniyama conjecture predicted that every elliptic curve 
over Q is modular, and its proof was completed in 2000 using generalizations and variants of 
the ideas and techniques of Wiles. In [16] Ribet introduced the concept of a variety of GL2-typc 
as a variety A/Q for which EndQ(A) is a number field of degree equal to its dimension. He 
generalized Shimura-Taniyama by conjecturing that every variety of GL2-type is modular over 
Q, and proved that this fact would be a consequence of Serre's conjecture on the modularity 
of 2-dimensional mod p Galois representations. After the recent proof of Serre's conjecture by 
Khare and Winterberger we now know that modularity of an abelian variety over Q is equivalent 
to the property of being of GL2-type. 

The abelian varieties of GL2-type are not absolutely simple in general: they factor up to 
isogeny as products of varieties defined over number fields. After some work done by Elkies 
in the one-dimensional case and by Ribet in general, in [11] Pyle gives a characterization of 
the abelian varieties defined over number fields that appear in the absolute decomposition of 
abelian varieties of GL2-type, which depends on the structure of their endomorphism algebras 
and on the existence of isogenics between their Galois conjugates. She uses the name building 
blocks for them (also known as elliptic Q-curves in the one-dimensional case) and generalizes 
the use of the term modular abelian variety to refer to an abelian variety B/K defined over a 
number field K that is isogenous to a factor of some Af. In this sense, Ribet 's generalization 
of Shimura-Taniyama conjecture predicts that building blocks and absolutely simple modular 
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abelian varieties are the same things up to isogeny, and now, after the proof of Serre's conjecture, 
this is known to be a fact. 

In this way one gets a new family of abelian varieties defined over number fields and is 
tempted to use their modularity in the same way as was done over Q. But the key property of 
modularity that is used for applications is the relation of the zeta function of the variety with 
modular forms, and this property is only invariant by isogeny defined over the base field. Hence, 
if one wants the modularity being of use for varieties over number fields one must put more 
restrictive conditions on them. In this direction we propose the following 

Definition 1.1 (Strong modularity) An abelian variety B/K defined over a number field K 
is strongly modular over K if its zeta function L(B/K;s) is equivalent to a product of L-series 
of newforms for congruence subgroups Ti (N) . 

The main purpose of this paper is to give a characterization of the varieties that have this 
property. The case of non-CM one-dimensional building blocks, i.e., of Q-curvcs without complex 
multiplication, was already studied in [12]. This paper is a generalization of [12] to arbitrary 
dimension; many ideas and tools we will use here were already introduced in [16], [11] and [12]. 

Modular abelian varieties over number fields are much more difficult objects to deal with 
than the ones over Q. If one starts in the modular forms side, the splitting of the varieties Af 
into absolutely simple factors is worked out in [7] for non-CM varieties Af, and the CM case is 
studied in [8]. From the computational point of view. Magma includes some functions providing 
information about the decomposition over number fields (see [14]) but there is still a lot of work 
to be done, including the need of new theoretical results, compared with what is known and 
implemented for varieties over Q. 

It would be desirable to have also methods to produce modular abelian varieties without 
the use of modular forms, with the modularity being just a consequence of their arithmetic 
and geometric properties. The one-dimensional case is of course the most well known, and 
for this reason it has been the main source of applications up to now: all elliptic curves over 
Q are strongly modular. Over number fields all CM elliptic curves are modular, and Elkies 
proved in [4] that non-CM modular elliptic curves are parameterized up to isogeny by the (non- 
cusp, non-CM) rational points of the modular curves X*{N) quotient of Xo{N) by the group 
of Atkin-Lehncr involutions, for squarefree values of N. A method to explicitly work-out this 
parametrization when the moduli variety X*{N) is of genus zero or one (this happens for 81 
values of TV in the range 2-238) is given in [6], and standard conjectures suggest that only a 
finite number of isogeny classes is missing out of these genus ^ 1 moduli curves. Once one has 
a modular elliptic curve the results in [12] can be used to characterize the curves in its isogeny 
class that are strongly modular, and explicit equations for them may be obtained using the 
methods developed in [13]. Strongly modular elliptic curves strictly not defined over Q have 
been used to solve Diophantine equations in [3]. 

The non-modular construction of higher dimensional modular abelian varieties has been 
performed up to now only over Q. They appear either as jacobians of curves C/Q for which one 
is able to write down enough endomorphisms defined over Q, or as the varieties corresponding 
to certain points in moduli varieties, especially Shimura curves. In the last section we construct 
a family of modular abelian surfaces over number fields that are strictly non-rational examples, 
in the sense that they cannot be obtained by just extending scalars from varieties defined over 
Q, and we see how the main theorem of this paper can be used to distinguish (and to produce) 
strongly modular examples. 
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Remark on complex multiplication. Shimura proved that a variety Af has a factor with 

complex multiplication if, and only if, it is isogenous to a power of an elliptic curve with complex 
multiplication. This is also equivalent to the fact that the newform / admits a twist by a 
quadratic character, whose kernel is then the field of complex multiplication of the corresponding 
elliptic curve. The CM case would require a special treatment and, except for section 2, in which 
the results hold in complete generality, for the rest of the paper we will tacitly assume that all 
abelian varieties considered have no CM-factors up to isogeny; when necessary we will stress 
this condition by saying "non-CM abelian variety." 

2 Strong modularity and GL2-type 

The purpose of this section is to show that the property used to define strong modularity for an 
abelian variety B/K over a number field K is equivalent to the fact that the abelian variety A/Q 
obtained by restriction of scalars A = Resx/qiB) is isogenous over Q to a product of abelian 
varieties of GL2-type. Due to the fact that this last property is the one that plays the key role in 
this paper, many statements become simpler if we enlarge the definition of GL2-type to include 
varieties that are not simple over Q: 

Definition 2.1 (GL2-type) An abelian variety A/Q is of GL2-type if EndQ(^) contains a 
commutative semisimple subalgebra of dimension equal to dimyl. 

Note that the standard use of "GL2-type" in the literature corresponds to the varieties that 
satisfy our definition and are simple. The relation between the two concepts is analogous to the 
relation between arbitrary CM-abelian varieties and the simple ones (cf. [10, Pag. 29]) and is 
given by: 

Lemma 2.2 An abelian variety is of Gh2-type if, and only if, all its Q-simple factors are of 
GL2-type. 

Proof: For an abelian variety A/Q let A ~q A'j^^ x ■■• x A'^^' be its decomposition up to 
Q-isogeny into Q-simple factors. Put Vi = Eiidq^Ai), let be the center of and let = 
[Vi : Fi]^/^ be its index. The decomposition of EndQ(A) into simple algebras is 

EndQ(A) ~ Mr,{Vi) X • • • X M,„(P„), (1) 

and the reduced degree of EndQ)(yl) over Q is [EndQ(A) : Q]rcd = J2 • Q]- 

If every Ai is of GL2-type then Pj = Fj has degree [Fi : Q] = dim Ai. Every field extension 
Ei/Fi of degree n can be embedded in the matrix ring Mr.(Fj) and the product H-^i ^ 
commutative semisimple subalgebra of EndQ(A) of dimension J2[^i '■ *Q] = J2''^i[^i '■ Q] = 
^rjdim^j = dim^, hence A is of GL2-type. 

For the converse we will make use of the following basic facts about associative algebras: 
for any semisimple fc-algebra A the maximal commutative semisimple subalgebras E C A have 
dimension dimjt E = [A: k]red, and for every faithful ^-module M one has dim^ M ^[A: A;] red 
with the equality being only possible if all the simple subalgebras of A are matrix algebras over 
fields (cf. [10, Propositions 1.3 and 1.2]). The second fact applied to the space of tangent vectors 
Lie(i?/Q) of any abelian variety -B/Q, which has dimension equal to dimB, gives the inequality 
[EndQ(B):Q]red^dimB. 
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Assume now that A is of GL2-type. Let E C EndQ(^) be a commutative semisimple subal- 
gebra with : Q] = dim^. Then by the previous results 

dim^ = : Q] ^ [EndQ(A) : Q]red ^ dim^. 

Hence each step must be an equaUty and one deduces that EndQ(74) is product of matrix algebras 
over fields, i.e. that U = 1 for all i. 

Now, using the inequalities [EndQ(^i) : Q]red ^ dimAj for every index, we have 

dim^ = [EndQ(A) : QJ^ed = J] n[E, : Q] = ^ r,[EndQ(A,) : Q],.ed ^ J] U dim Ai = dim A, 

and the equality at each summand follows, from which one deduces [Fi : Q] = dim Ai for all i 
and all simple factors Ai are of GL2-type. □ 

Proposition 2.3 An abelian variety A/Q is strongly modular over Q if, and only if, it is of 
Glj2-type. 

Proof: If A/Q is of GL2-typc, by the previous lemma we have that A ~q A^^ x • • • x A^l" , 
where the AiS are Q-simple abelian varieties of GL2-type. By Shimura-Taniyama there exist 
newforms fi such that Ai ~q A/.. Then L(yl/Q,s) ~ \[L{Ai/'^,sY' ~ \[L{AfJQ,sYi and 
since each L(Aj^/Q,s) is the product of the zeta functions of the newforms that are Galois 
conjugates of /j, the variety A is strongly modular over Q. 

Now we prove the converse. Let A/Q be a strongly modular abelian variety over Q, and 
let fi,...,fn be newforms such that L{A/Q,s) = YlL{fi,s). Let Ei be the field of Fourier 
coefficients of fi, and denote hy E = Ei ■ E2 ■■■ En the composition. Let m = [E : Q] and 
mi = [E : Ei], and denote by S^; and S^:. the sets of their complex embeddings. For every index 
i the restriction of all the elements of S^; to the field Ei gives copies of every element of E^. . 

We will make use of the following notation: if 5 = ^ ann~^ is a Dirichlet series and a G 
Aut(C), we denote by "^S the series J2 ^o-nn'^; that is, the series obtained by applying a to the 
coefficients a„. Note that since L{A/Q,s) has rational coefficients we have that '^L{A/Q,s) = 
L{A/Q,s). One has 

n 

L{A^/Q,s) = L{A/Q,sr= n ''L{A/Q,s)= J] \{''L{f„s) 

n n n / / " 

=n n LChs)=ii n ^'^/.^r =n^(^/./Q'^r'=^ (n^r 

Then by Faltings isogeny theorem the two varieties A™ and Y\ must be isogenoTis over Q 
and by the unicity of decomposition up to Q-isogeny into the product of Q-simple varieties it 
follows that A is isogenous over Q to a product Yl for some exponents ^ 0, and it is of 
GL2-type. □ 

For other number fields, the strong modularity can be reduced to that of the restriction of 
scalars and one has the following: 

Proposition 2.4 An abelian variety B/K over a number field K is strongly modular over K 
if, and only if, ResK/Q{B /K) is of GL-2-type. 
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Proof: The equality of zeta functions L{B/K,s) = L((Resx/Q i?)/Q, s) implies that B is 
strongly modular over K if, and only if, Res^/Q-B is strongly modular over Q, and by the 
previous proposition this is the case if, and only if, Rbs^/qB is of GL2-type. □ 

Combining lemma 2.3 with this proposition one immediately obtains the following: 

Corollary 2.5 An abelian variety is strongly modular over a number field K if, and only if, all 
its K-simple factors are strongly modular over K. 



3 Q-abelian varieties 

The absolutely simple factors up to isogeny of non-CM abelian varieties of GL2-type are studied 
by Ribet in [16] and by Pyle in [11]. A common property of the non-CM abelian varieties 
of GL2-typc and of their simple factors is that the nobject consisting of the variety together 
with its endomorphisms has as field of moduli the field of rational numbers. In order to deal 
with this property the following definitions are useful. For a given abelian variety -B/Q and 
Galois automorphism a G Gq, an isogeny /Xo-: "^B ^ B \s said to be compatible if the map 
V' ^ /^(t°'^V'°/"ct^ is the identity on the endomorphism algebra End(S), i.e. if the following 
diagram is commutative 

"B^B 



H'fJ 

Then the property that the pair [B, End(i?)) has field of moduli equal to Q is given by the 

Definition 3.1 (Q-abelian variety, [11, Pag. 194]) A Q-abelian variety is an abelian vari- 
ety B/Q such that for every a G Gq there exists a compatible isogeny Ha- '^B ^ B. 

Let F be the center of the endomorphism algebra End(S). It is easily seen that if the isogeny 
fjLcr '■ '^B —^B\s compatible, then all compatible isogenics between these two varieties are the 
maps of the form if) ^ ji^ ^oi %l) ^ F* \ also, if S is a Q-abelian variety, then all its endomorphisms 
belonging to the center F are defined over every field of definition for B. 



The COCYCLE class [cb\- Let 5/Q be a Q-variety, and denote by F the center of the endo- 
morphism algebra End(-B). Since the variety is defined over some number field one can always 
choose a set of compatible isogenies {/Lto-jo-eGQ between conjugates of B that is locally constant. 
Define the map 

CB- Gqx Gq^ F* , cb{(t,t) = Ha'" IJ-t" IJ-^h (2) 
whose properties, that can be seen by a straightforward check, are stated in the: 

Lemma 3.2 The map cb is a well defined continuous 2-cocycle of Gq with values in the group 
F* , considered as a Gq-module with trivial action, and the cohom,ology class [cb] G H'^{Gq, F*) 
does not depend on the locally constant set of isogenies used to define the cocycle cb- Moreover, 
the class [cb] only depends on the Q-isogeny class of B. 
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This invariant [cb] gives the obstruction to descend up to isogeny the variety and its endo- 
morphisms over a given number field. The following result is stated as Proposition 5.2 in [11] 
for Q-abelian varieties that are building blocks, but in the proof given there the structure of the 
endomorphism algebra plays no role, so we enounce it here in full generality: 

Proposition 3.3 (Ribet-Pyle) Let B/Q be a Q-variety and let K be a number field. There 
exists an abelian variety defined over K and with all the endomorphisms defined over K that is 
isogenous to B if, and only if, [cb] belongs to the kernel of the restriction map Res: H'^{Gq, F*) — 

Generalizing the terminology introduced in [13] for Q-elliptic curves we will say that a Q- 
variety B is completely defined over a Galois number field K if the variety B, all its endomor- 
phisms, and all compatible isogenies between Galois conjugates are defined over the field K. In 
this case, let /ig: ^B ^ B he a compatible isogeny for each element s G G = Gal{K/Q). Then, 
as for (2), one sees that the map 

cb/k- GxG^ F*, CB/K{s,t) = lis" "l^fl^Jt^ (3) 

is a well defined 2-cocycle of G with values in the trivial G-module F* whose cohomology class 
[cb/k] £ H'^{K/Q, F*) is an invariant of the ivT-isogeny class of the variety B. Moreover, its 
inflation to the full Galois group Gq coincides with [cb], and this fact has also a converse in the 
following sense: 

Proposition 3.4 Let B/Q be a Q-variety and let K be a Galois number field. There exists an 
abelian variety completely defined over K that is isogenous to B if, and only if, [cb\ belongs to 
the image of the inflation map Inf: H^{K/Q,F*) H^{Gq,F*). 

Moreover, if[cB] = Inf([c]) for some cocycle class [c] G H'^{K/Q,F*), then there exists such 
a variety Bq/K such that [cbq/k] = [c]- 

Proof: Since the image of the inflation lies in the kernel of the restriction, by the proposition 3.3 
we can suppose that B and all of its endomorphisms are defined over K. 

Assume that [cb] = Inf([c]). Modifying the 2-cocycle c by a coboundary we can assume that 
it is normalized, i.e. takes the value c(l, 1) = 1, and as a consequence of the cocycle condition 
this implies that also c(s, 1) = c(l,s) = 1 for every s £ Gal(K/Q). Moreover, by changing the 
choice of compatible isogenies between conjugates of B used in (2) to define cb, we can also 
suppose that inf(c) coincides with the cocycle cb- This implies that cb((T, r) = 1 whenever a 
or r belong to the subgroup Gk- It follows that the map cr i—^ //o- is a one-cocycle of the group 
Gk with values in the group Aut(-B), viewed as a module with the natural Galois action of Gk, 
which is in fact the trivial action since all the elements of End(i?) are defined over K. 

Let Bq be the twist of B by this one-cocycle: it is an abelian variety Bq defined over K 
together with an isogeny k: B ^ Bq such that Ha = k^^o'^k for all a G Gk- We will see that 
this variety satisfies the conditions of the proposition. 

Every endomorphism of Bq is of the form K'>iJj'>k~^ for some tp € End(i?). Since all endo- 
morphisms of B are defined over K and the isogenies //^ are compatible, for every a G Gk one 
has 

and the endomorphisms of Bq are defined over K too. 
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A calculation shows that the maps v^^ := are compatible isogenies "^Bq Bq 

for every a G Gq, and the relation of fi^j = for elements a G Gk shows that t'o- = 1 for 

the a fixing the field K. The cocycle cbq computed from this set of isogenies is related to by 
cbo{o-,t) = k<>cb((T, r) for all a,T e Gq. Since cb is the inflation of c and this cocycle is 
normalized, one deduces that cbq (c, t) = 1 if either cr or r belong to the subgroup Gk- Applying 
this fact to a pair a G Gq and r G Gk one deduces that 

which means that z^o- only depends on the action of a on X (i.e. on the class of a modulo the 
normal subgroup Gk)- Now, applying the identity to a pair a G Gk and r G Gq one has 

proving that the compatible isogenics arc also defined over K for every a G Gq. 

Finally, for every clement s G Gal(i^/Q) let I'g be the isogcny for any a G Gq whose action 
on K is given by the element s. In this way one obtains a set of compatible isogenics for Bq 
defined over the field K and the cocycle cbq/k computed using this set is the cocycle CBf^/K ("5, t) = 
K°c(s, t) "K^^. Hence, under the isomorphism between the centers of the endomorphisms of the 
varieties Bq and B given by conjugation by the isogeny k between them, the cohomology class 
[cso/i^] is class [c] we started with. □ 

Simple Q- varieties of the first kind. Up to now we have put no restrictions in the Q- 

abelian varieties considered; in particular we have not assumed the varieties to be simple. If 
~ n is decomposition up to isogeny into simple varieties then it is easy to sec that 
i? is a Q-abelian variety if, and only if, all its simple factors have this property, but we will not 
need this fact here. For the study of the modular abelian varieties we are interested in, the case 
of interest is when the center F of End(B) is a totally real number field; this is equivalent to 
say that the previous decomposition has a unique simple factor that is a variety of the first kind 
in the standard terminology employed for the classification of simple abelian varieties according 
to the type of their endomorphism algebras as algebras with involution. We also recall that the 
endomorphism algebras of simple varieties of the first kind are either a totally real number field 
(type I varieties) or a quaternion algebra over such field, that may be either totally indefinite 
(type II) or totally definite (type III). So, we assume from now on that F = Z(End(B)) is a 
totally real number field; we could also assume that B is absolutely simple but in fact that is 
not necessary and everything below works for varieties that are powers of simple varieties of the 
first kind. 

Generalizing to our situation the definitions given first by Ribet in [15, Pag. 113] for simple 
varieties of type I, and then by Pyle in [11, Pag. 218] for building blocks, one can define for 
every compatible isogeny /x^: '^B — > B its "degree" 5{na), which is a totally positive element of 
the field F whose reduced norm as an element of the Q-algebra End(-B) is the usual degree of the 
isogeny /j^u. Moreover, from the definition of this map and the fact that the Rosati involution 
fixes the elements of the center F one gets, exactly as in [15, 11], the following identity: 

CB{a,Tf = 6{Ha)S{l^r)S{flaTr^ (4) 

showing that the cohomology class [cb] belongs to the 2-torsion subgroup H'^{Gq, F*)[2]. 
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Now, the structure of the group H'^ {Gq, F*)[2] is particularly simple and a number of 

consequences about fields of definition can be deduced just by looking at it. As it is descri- 
bed in [15, Pag. 114] (sec also [14, Section 2]), if one starts with any group isomorphism 
F*~{ibl}xF*/{ibl}, and using basic facts of group cohomology, one obtains a decomposition 

H^{Gq,F*)[2] ~ H\Gq,{±1}) X Hom(GQ,F7{±l}F*2) (5) 

under which every cohomology class ^ G {{"^{Gq, F*) of 2-torsion has two components ^ = ^). 
The sign component ^± G H'^{Gq, {±1}) — Br2(Q) is an clement of the 2-torsion of the Brauer 
group of Q. The degree component ^ is a group homomorphism Gq F* /{±1}F*'^ . Note 
that the decomposition of the cohomology group depends on the decomposition of the (trivial) 
GQ-module F* wc have chosen, but it is easy to see that the degree component does not depend 
on it, and also that, for the classes [cb] attached to Q-varieties B, the degree component is just 
the map a i-^ (^(Mo-) mod {zbl}F*^ (hence the name). 

Given an element ^ G H^{Gq,F*)[2] we will denote by Kp the field fixed by the kernel of 
the degree component ^; since this morphism takes values into a 2-torsion group, the field Kp 
is an abelian extension of exponent 2 of the field Q. 

Proposition 3.5 Let B be a Q-abelian variety with F = Z(End(B)) a totally real number field. 
Let Kp be the field fixed by the kernel of [cb] ■ Then, 

1. if Bq ^ B with Bq and End(5o) defined over K then Kp C K; 

2. there exist isogenous varieties Bq B defined over fields of the form K = Kp ■ Q(\/a) for 
some a E Q, with End(So) also defined over K; 

3. there exist isogenous varieties Bq ^ B completely defined over fields of the form K = 
Kp ■ Q(i/a, Vb) for some a,b eQ. 

Proof: The decomposition (5) has analogues for the group H'^{Gk, F*)[2] for every number 
field K and for the group H'^{K/Q, F*)[2] for every Galois number field K, and the restriction 
and inflation maps respect the corresponding decompositions. It follows that the class [cp] 
belongs to the kernel (resp. the image) of the restriction to the first group (resp. of the inflation 
from the second group) if, and only if, the two components sign and degree belong to the 
corresponding kernels (resp. images). 

As for the degree component [cp] G Hom(GQ, F*/{zbl}F*^) each of the two conditions either 
on the inflation or on the restriction are equivalent to the fact that Kp C K. Every element 
of H'^{Gq, {±1}) ~ Br2(Q) can be identified with a quaternion algebra, that can be written 
as a pair {a,b)Q with a,b £ Q*, using the standard notation. Such an element always can be 
trivialized by restriction to a (at most) quadratic extension, for example the extension Q{^/a). 
Also, this element can be inflated from a cohomology class defined on the Galois group of a (at 
most) biquadratic extension, for example the extension Q{^/a,■\/b) (see [13, Section 2]). □ 

In [15] Ribet proved that for varieties with End(B) = F a totally real number field of odd 
degree [F : Q] = dimB the field Kp already trivializes the sign component, so that there are 
always Bq ^ B with End(i?o) defined over Kp. It is easily seen that his argument works in 
fact for all Q-varieties of the first kind of odd dimension without the assumption on the size of 
their endomorphisms. On the contrary, for even dimension this fact is not true any more, as the 
modular examples given in [14] show. 
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4 i^-building blocks 



Since we want to study abelian varieties over a number field K that are quotients up to K- 
isogeny of varieties of GL2-type, we adapt slightly the definition of "building block" given by 
Pyle in [11, Pag. 195], in order to keep track of their decomposition over K and not merely over 
Q. 

Definition 4.1 Let K/<Q be a Galois extension. We say that a (non-CM) abelian variety B/K 
is a K-building block if 

1. B is a Q-variety having compatible isogenics /j,^ : '^B — ^ B defined over K for every 
a G Gq. 

2. Endx(S) is a division algebra V with center a number field E, having index t ^ 2 and 
reduced degree t[E : Q] = dimB. 

We note the following remarks: 

• The requirement of Endi^(i?) being a division algebra implies that if-building blocks are 
K-simple abelian varieties, but they may factor over larger fields. 

• The Q-building blocks are the non-CM Q-simple abelian varieties of GL2-type. 

• The Q-building blocks are the building blocks in the sense of Pyle's definition; we will also 
use this terminology without a prefix field sometimes. 

• For Q-building blocks the field E is necessarily a totally real field, equal to the center of 
End(i?), but in general it may be either totally real or a CM- field, and the center F of 
End(S) is a (necessarily totally real) subfield of E. 

• We do not require B to have all its endomorphisms defined over K. This means that a 
K-building block is not necessarily a Q-variety completely defined over K. 

Proposition 4.2 Let A/Q be a Q-simple abelian variety of GL2-type and let K/Q be a Galois 
extension. Then the extension of scalars A/K is K-isogenous to a power B"' of a K -building 
block B/K. 

Proof: Let A ~x x • • • x S"'' be the decomposition up to K-isogeny into if-simple 
varieties. Since EndQ(v4) is a subfield of End(^) it acts on each isotypical factor 5"% hence 

[EndQ(y4) : Q] | 2njdim5i. But [EndQ(yl) : Q] = dim A = X^riidimSi, and this implies 
that either [Endq;(74) : Q] = njdimSj or [End(Q(A) : Q] = 2njdimi?j for each index. The 
second case is not possible since we are assuming that no subvariety of A has CM, and so 
[EndQ(^) : Q] = nj dimSj, which implies that there is only one isotypical factor and A -B". 

Next, we prove that EndQ(y4) is a maximal subfield of Endii:(^) or, equivalently, that 
End(Q(yl) is its own centralizer in Endi^(A). Let ip be an element of Endx(^) that commutes 
with EndQ(^). The image '^{A) is isogenous to B^' for some r. Since commutes with EndQ(^), 
the field EndQ(^) acts on B^ , and this implies that [EndQ(^) : Q] | 2r dim5. This only gives 
two options: either [EndQ(^) : Q] = rdimS or [EndQ(^) : Q] = 2rdim5. Again, the second 
is not allowed since B^ can not have CM. This means that r = n and (p is an isogeny. Hence, 
C(EndQ(A)) is a field and therefore C(EndQ(^)) = EndQ(y4). 
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Put E = Z{EndK{B)) and t the index of Endft'(B). We can prove now that t[E : Q] = 
dimi?. This comes from the decomposition A S", which translates into an isomorphism 
EndxiA) ~ M„(Endx(i?)). Since End(Q(yl) is a maximal subfield of End/^ (^) taking dimensions 
over E we have that [End(Q(A) : E] = nt, and multiplying both sides of this expression by 
[E : Q] it gives [EndQ(^) : Q] = nt[E : Q]. Since [EndQ(^) : Q] = dim^ = ndimS we see that 
dimS = t[E : Q]. 

Since B is i^T-simple, Endii'(i?) is a division algebra acting on Hi(B, Q); therefore [Endx(-B) : 
Q] I 2dimB. This means that t^lE : Q] \ 2dimB, and by the relation t[E : Q] = dimS we see 
that tdimB \ 2dimB, showing that t ^ 2. 

Finally, we have to show that i? is a Q- variety with isogenics between Galois conjugates 
defined over K. The argument is the same as in the proof of the proposition 1.4 in [11], but 
starting from an isogeny between Ak and defined over K. It only has to be noticed that the 
isogenics a{a) : A ^ A that appear in that proof are defined over Q, and this implies that the 
compatible isogenics defined on page 195 of [11] are defined over K. □ 

Corollary 4.3 // a K -simple variety is strongly modular over a Galois number field K, then it 
is a K-building block. 

Proof: Call B this variety. By proposition 2.3 being strongly modular over K is equivalent 

to the fact that Res;^/Q(i?) is of GL2-type. Since Kesx/qiB) ~x ITseGa^x/Q) variety 
B IS a K-simple factor of the extension of scalars of a Q-simple variety of GL2-type, and then 
it is a if-building block by the previous lemma. □ 

The converse of this corollary is not true: a X-building block needs extra conditions to be 
strongly modular. This conditions are related to a cohomology class [c^/i^] attached to B that is 
defined in a similar way than (3) as follows. Let S be a K-building block over a Galois number 
field K; let G = Gal(i^/Q) and E = F,ndK{B). Let {iiajaeGq be a compatible set of isogenics 
defined over K. For each s e G choose a representative s in Gq, and define 

CB/K- GxG^E*, CB/K{s,t) = Hs''^Hi''il~^. 

When all the endomorphisms of B are defined over K this cocycle Cs/xi^jt) coincides with (3). 
Since now we are not requiring the field ii' to be a field of definition of all the endomorphisms 
of B, we can only guarantee that CB/i(^{s,t) lies in E* but not in F* as it happens when the 
variety is completely defined over K. In the next lemma we state the main properties of this 
cocycle. 

Lemma 4.4 The map cb/k *5 o. 2-cocycle of G with values in E* , considered as a module with 
trivial action. The cohomology class [cb/k] ^ H'^{K/Q,E*) does not depend neither on the lift 
s ^ s, nor on the choice of the isogenics /i^. Moreover, the inflation of [cb/k] H'^{Gq, E*) 
coincides with the image of [cb] by the morphism H'^{Gq, F*) — > H'^{Gq, E*) induced by the 
embedding F* ^ E* . 

Proof: Let ip be an element of EiidK{B). Since st = str foi some r G Gk we have 
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and this shows that CB{s,t) lies in E. In the same way we can prove the cocycle condition, 
and the independence on the set {/Uo-jo-eGQ is seen in an analogous way than for the case of the 
cocycle cb- 

Observe that, if cr G Gq is such that a\K = s\k then Hcr^nJ^ commutes with the elements 
in Endft'(S); therefore, we can write fi^r = Xa°IJ-s for some A^- G -E*. Using this it is immediate 
to see that the use of another lift from Gal{K/Q) to Gq would modify the cocycle cb/k by a 
coboundary. 

It remains to prove the last statement in the lemma. Take cr, r G Gq and put s = a\K, 
t = t\k- We use the same name for the cocycles and for their images for the morphisms 
involved; namely, cb/k is the inflation to Gq of cb/k aiid cb is the image of cb in Z'^{Gq,E*). 
By the definitions cb{(J,t) = /ig- ° '^/Ur ° /^ctt c-b/k{'^i't) = ° A* Since a\x = ^\K 

see that ii„ = IJ^s'^cr for some A^- G E. Now cb(c7, r) = cb/k{(^it)°X<j°\°Ktt the two 
cocycles are cohomologous. □ 



Restriction of Scalars of K-building blocks. Our objective now is to compute the 
algebra EndQ(Res/f/Q(i?)) for a i^T-building block B. What we obtain is a generalization of the 
expression found by Ribet in [16, Lemma 6.4] for the case of Q-curves, giving the algebra as 
a twisted group algebra; the main difference is that in our case the algebra is obtained by a 
construction that mimics the standard twisted group algebra definition, which we first describe 
in abstract terms. 

Let A be any central £^-algebra and let c G (G, E*) be a two-cocycle of a finite group G 
with values in the multiplicative group E* viewed as a module with trivial action. One defines 

the i?-algcbra ^'^[G] by just generalizing the Tisual definition of twisted group algebra: it is the 
free left ^-module ®s&gA. ■ \s with basis a set of symbols A^ indexed by the elements s E G and 
multiplication defined by the relations: 

a - Xs = As • a, for a e A, 
As • At = c{s,t) ■ Xst- 

The cocycle condition for c is used to check that this definition makes sense and produces an 
associative algebra, and of course its isomorphism class does only depend on the cohomology 
class of the cocycle c. This algebra is related with the twisted group algebra E'^ [G] through the 
following isomorphism: 

A^[G]c^A®E E" [G] as E-algebr as . 

Indeed, if we put E^[G\ = ®s&gE ■ Xg then the map a® ■ A^ i— J2[aXs) ■ Xg : A'S>e E'^[G] 
A'^[G] is an isomorphism of £^-algebras. 

Proposition 4.5 Let B be a K-building block over a Galois number field with group G = 
Gal(K/Q). LetV = EndK{B) and E = Z{V). Then, 

EndQ(Res^/Q(5)) ~ P ®e E'b/'<[G]. (7) 

Proof: Call A the variety Res;^/Q(i?). For each s G G fix a representative s for s in Gq, but 
imposing that 1 = 1. Let {iia}cTeGQ be a locally constant set of compatible isogenics defined 
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over K in which we have chosen fii to be the identity. We know that A ~x TlseG ^^^^ 
by the universal property of the functor restriction of scalars EndQ(^) ~ Hom/f (A, B). Hence, 

EndQ(^) ~ BouiKiA, ~ JJ BouikCB, 5) ~ JJ P • /xg 

seG seG 

and we see that EndQ(^) is a left P-module of dimension [if : Q]. We shall determine now its 
structure as an algebra. Define, for s E G, Xg to be the endomorphism of A which sends '''i? to 
*i? via ^'fig. It is fixed by all elements in Gq and so it is an endomorphism of A defined over Q; 
since we forced 1 to be 1, we can identify Ai with the identity endomorphism of EndQ(^). 

We can embed V in End(Q(^) by sending each d E V to the morphism whose components 
are the diagonal maps ^d: ^B ^ ^B. Hence, we can multiply the by elements d in P in the 
following way, depending on whether we left or right multiply: 

A,°d:%^*~"5^*5. 

By the compatibility of the isogenies it is clear that these two maps coincide, and therefore 
d°Xs = Xs°d. Also the compatibility of the isogenies gives us the formula As ° A^ = cb/k{s, t) ° Xgt- 
Hence the multiplication in EndQ(yl) is given in terms of this basis by formulas (6) with cocycle 
c^jKi hence this algebra is isomorphic to □ 

5 Strongly modular abelian varieties 

Let i? be a if-building block over a Galois number field K with Galois group G = Gal(if/Q). 
Let T> = Endii:(-B), E = Z(T>), and t the index of V. Recall that in the previous section we 
have associated to B/K a cohomology class [cb/k] £ H'^{G, E*); in this section we characterize 
when B is strongly modular over K in terms of that class. 

Lemma 5.1 Let B be a K-building block over a Galois number field K. If A = Resx/Q(-B) is 
an abelian variety of GL-2-type, then 

yl ~Q X • • • X 

with the Ai pairwise non-isogenous Q-simple abelian varieties of GL2-type. 
Proof: A priori we know that 

A^qA^x-.-xAIT (8) 

for some > and with the Ai being non-isogenous Q-simple abelian varieties of GL2-type. If 

we put Ei = EndQ(^i) then EndQ(A) ~ Mr^{Ei) x • • • x Mr„{En). 

First we show that each r.j is at least t. If t = 1 this is clear, so we suppose now that 
t = 2. There is an injection of algebras EndK{B) ^ EndQ(yl), and so Endx(i?) injects into 
each simple component Mj.f{Ei) of EndQ(^). If t = 2 then Endi^(B) is non-commutative,and 
so each must be at least 2. 
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Now we show that each is in fact equal to t. On the one hand we know, by the universal 
property of the restriction of scalars, that EndQ(yl) c± HomxiAK, B), and using that Ak 
HseGaKK/Q) we have that 

EndQ^~ HomK(^K,S) ~ Hom;^(JJ*S,B) ~ UoniKi'B, B). (9) 

s€Gal(J!'/Q) 

Since S is a X-building block each ^B is X-isogenous to B, and so we have an isomorphism of 
P-modules Homxi^ B,B) ~ V. Since D is a Q- vector space of dimension t'^[E : Q] = tdimB 
one obtains dimQ)EndQ(A) = |G|tdimi? = tdim^. 

On the other hand, we can use the expression (8) to calculate the same dimension. We have 
shown that ^ t for all i. Suppose that for some i we had > t. Then we would find that 

dimQ EndQ A = r\ dim + • • • + dim An > tri dim + • • • + ir„ dim A^ = 
= t{ri dim + • • • + r„ dim An) = t dim A, 

which is a contradiction with the first calculation we made. □ 

Lemma 5.2 Let B be a K -building block over a Galois number field with G = Gal(if/Q). Then 
B is strongly modular if, and only if, the algebra E'^^/^ [G] is commutative. 

Proof: First suppose that E'^b/'^[G] is commutative. Then it is a product of fields, say 
E'^B/K^Q'j = YlEi. Call A the variety ResK/Q{B). By proposition 4.5 we know that 

EndQ(^) ~ P ®E ^^^/^ [G] ~ JJ P ®E 

with T) ®E Ei a central simple E'j-algebra with index ti dividing t. Corresponding to this 
decomposition of EndQ (A) there is a decomposition of A up to Q-isogeny: A ~(g) H^ti ^"^^ 
EndQ(yli) ~ 'D(^e Ei. As Ak ~ H"*-^ -B'*^', each Ai is ivT-isogenous to i?"' for some nj. We 
claim that equals [Ei : E]. To prove the claim, first we observe that the natural inclusion 
EndQ(^i) ^ Endii-(Ai) gives an injective morphism V^eEi M„.(P). Looking at the reduced 
degrees of these algebras over E we see that t[Ei : E] ^ tui, and then [Ei : E] ^ Ui. To see 
the equality, we can use that on the one hand, as EndQ(A) ~ ®seG Hom( ^i?, B) ~ ®seG ^ 
have that: 

[EndQ(^) : E] = \G\t^ = ^n^. 
But, on the other hand we have that: 

[EndQ(A) : E] = [V 0EllEi : E] = ^[E^ : E], 

and this gives that [Ei : E] = Ui. 

Returning to the proof of the lemma, since End(q)(Aj) c^T> ®e Ei is a central simple algebra 
of index ti\t, there exists a division £^j-algebra Vi of index ti acting on the differentials of Ai. 
The space of differentials of Ai is a Q- vector space of dimension equal to the dimension of A^, 
and so we have that [Vi : Q]| dimAj. But [T>i : Q] = tf[Ei : E][E : Q] and dim^j = njdimS = 
nit[E :Q]=t[Ei: E][E : Q], because Ui = [Ei : E]. This means that 

tj[Ei : E][E : q] \ t[Ei : E][E : Q], 
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so tf\t, which imphes = 1. This means that V ®e Ei ~ Mi(£^j), and therefore Ai (A^)*, 
for some abehan variety A[ with EndQ(y49 c± Ei. Finally, A'^ B^^/^, which gives that 

[Ei : Q] = n^[E : Q] = : Q] = dimS = dim A^, 

showing that each A'- is a variety of GL2-type. 

In order to prove the other imphcation, by the previous lemma we can suppose that A ~q 
A\x ■ ■ ■ X A\^, and as a consequence that 

EndQ(A) ~ Mt{Ei) X • • • X Mt(£;„), (10) 
where the notation is the same as in the first part of the proof. On the other hand, 

EndQ(^) E^'^[G\=V®E\{yiniCi) 
where the Cj are division algebras. But (10) forces = 1 and Q 2± E^ for each i. □ 
Now we state our main result, which gives a characterization of strong modularity: 

Theorem 5.3 (Main theorem) Let K he a Galois number field and let B/K he a K -simple 
ahelian variety. Then B is strongly modular over K if, and only if, it is a K -huilding hlock, the 
extension K/Q is ahelian, and [cb/k] £ Ext{K/Q, E*). 

Proof: By corollary 4.3 being a i^-building block is a necessary condition, and in that case 
the previous lemma says that being strongly modular is equivalent to the fact that the alge- 
bra £"^s/^[G] is commutative. A twisted group algebra E'^[G] is commutative if, and only if, 
the group G is abelian and the cocycle c is symmetric, i.e., its class belongs to the subgroup 
Ext(G,E*) C H'^(G,E*) consisting of symmetric cocycle classes. □ 

Strongly modular simple varieties. The previous theorem shows that strong modularity 
puts very restrictive conditions on varieties, that are not satisfied by most modular abelian 
varieties. In what follows we will examine the case of Q-building blocks and see which varieties 
in their isogeny class are strongly modular. 

For that we fix a building block B. Let T> = End(S). The center F = Z{V) is a totally 
real number field and T> is either equal to F, in which case f = 1 and [F : Q] = dimS, or 
it is a totally indefinite quaternion algebra over F, with t = 2 and [F : Q] = ^dimS. Let 
^ = [cb\ G H^{Gq, F*) be the cohomology class attached to B. 

We fix an embedding F ^ Q. By a theorem of Tate it is known that the group H'^{Gq, Q ) 
is trivial (here Gq acts trivially in Q), so there exist continuous maps a: Gq — >■ Q such that 
cb((T, r) = a{a)a{T)a{aT)^^ for all a,T £ Gq; two such maps differ in a Galois character. The 
map a: Gq ^ Q /F* obtained viewing the values of a modulo elements of F* is a morphism; 
Let Ka denote the fixed field of its kernel, which is an abelian extension of Q. Using the identity 
(4) we see that the map £0,(0") = a{a)'^ /S{fia) is a Galois character Gq — >■ Q ; two such characters 
differ in the square of a Galois character. Let ET^^ be the fixed field of ker e^; the fact that 5{^a) 
is real implies that K^^ C K^^. Let Fq = F{{a{a)}a&Gq) be the number field generated over 
F by the values of a; from the identity defining £0,(0") it easily follows that Fq/F is an abelian 
extension. Even though the splitting maps a depend on the cocycle cb (or, what is the same, on 
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a system of compatible isogenies between conjugates of B) the morphisms a, the fields and 
Ea, and the characters Sa do not depend on that choice. We will call the maps a splitting maps, 
the fields splitting fields, and the characters £q, splitting characters for the building block 
B. The isogeny class of a building block determines a set of morphisms a G Hom(GQ, Q /F*) 
that is an orbit by the action of the group of Galois characters Hom(GQ,Q ), and a set of 
splitting characters G Hom(GQ, Q ) that is an orbit by the action of the subgroup of squares 
Hom(GQ,Q*)2. 

For every Galois character e : Gq Q choose square roots of its values and define: 

This is a 2-cocycle of Gq with values in {±1}. Its cohomology class [c^] G H'^{Gq,{±1}) 2± 
Br2(Q) gives the obstruction to the existence of a square root of e. If two characters e,e' diff'er 
in the square of a character, then [c^] = [cgi]. If = [cb] G H'^{Gq, F*) is the class attached to 
a building block B, then ^± = [c^] with e any splitting character for B (see [14, Theorem 2.6]). 

Theorem 5.4 Let B/<Q be a building block and let K/<Q an abelian extension. There exists an 
abelian variety isogenous to B that is completely defined and strongly modular over the field K 
if, and only if, K contains a splitting field for [cb\- 

Proof: The proof is essentially the same given in [12, Proposition 5.2] for the case of Q-curves. 

Suppose that K contains the splitting field corresponding to some splitting map a. For 
every element s G Gal(iC/Q) choose an element a{s) as any of the values a{a) for a G Gq an 
automorphism restricting to s, and define c{s,t) = a{s)a{t)a{st)~^ . Then [c] is an element of 
H'^{K/Q, F*) whose inflation equals to [cb]- By proposition 3.4 there exists an abelian variety 
Bq isogenous to B that is completely defined over the field K and with [c^g/x] = [cj- By 
construction the cocycle c is symmetric, hence [cbq/k] ^ Ext(i^/Q, F*) and by theorem 5.3 the 
variety Bq is strongly modular over K. 

Conversely, assume that there is a variety isogenous to B that is strongly modular over the 
field K. Let cb^/k be a cocycle of G = Gal(i^/Q) attached to this variety. Then by theorem 
5.3 the algebra F^bq/k^q] is commutative. Hence the Q-algebra Q'"'''"'-^ [G] =Q®f F'^so/^f [G] 
is also commutative, and by a property of twisted group algebras over algebraically closed fields 
(cf. [9, Chapter 2, Corollary 2.5]) it follows that the image of the class [cbq/k] into the Schur 
multiplier group H'^{G,Q*) is trivial. Hence there exists a map s ^ a(s) : G ^ Q such that 
CBQ/Kis, t) = a{s)a{t)a{st)~^ and its infiation to the group Gq is a splitting map for the variety 
that factors through the group G, hence ^ K. □ 

6 QM jacobian surfaces 

In this section we illustrate the previous general results with applications to the study of concrete 
abelian surfaces with quaternionic multiplication. The surfaces we will be dealing with are 
obtained as the jacobians of a family of genus two curves defined in [5]. We will use some results 

on its arithmetic that appear in [1] to compute the cocycles needed for the characterization of 
their strong modularity and for the computation of Q-endomorphism algebras of their restriction 
of scalars. 
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Since we will need quadratic twists later, we begin with a technical lemma describing the 
effect of such a twist in the cohomology classes of interest. For every abelian variety B /K over 
a number field K and element 7 G K* let denote the K {yf^Yqn&di&ilc twist of the variety 
B over K. In the standard classification of twists by elements of the first Galois cohomology 
group with values in the automorphism group of the object, this variety corresponds to to the 
morphism of {±1}) whose kernel has K{^) as its fixed field, which is given by the 

formula a ^ " \fll \fl- Note that here we interpret ±1 as automorphisms of B. In other words, 
B^ is the abelian variety determined up to if -isomorphism by the fact that there exists an 
isomorphism (j): B^ ^ B defined over K{^) such that (f)"'^^'^ = '^■\/y/-y/j for every a G Gk- 

For hyperelliptic jacobians the quadratic twists are easily computed: if C is a hyperelliptic 
curve defined by the equation = F{X) then for every 7 G K* the equation 7!"^ = F{X) 
defines an hyperelliptic curve that is the if(^/7)-quadratic twist of C over K. The Jacobian 
Jac(B^) is the iC(.^)-quadratic twist of the abelian variety Jac(S) over K. 

Lemma 6.1 Let B/K he a Q-variety completely defined over a Galois number field K, and let 
7 G K* . The twist B^ is completely defined over K if, and only if, the field K{^) is Galois 
over Q. In this case [cb/k] o-n-d [cb„,/k] differ by the cohomology class in i/^(Gal(iir/Q), {±1}) 
corresponding to the group extension given by the exact sequence of Galois groups 

1 ^ GaliK{^)/K) ~ {±1} > Gal(if(V7)/Q) > Gal(if/Q) > 1 (11) 

Proof: Note that the cohomology classes [cb/k] [c^^/^^] we want to compare take values 
in groups F* consisting of automorphisms of the varieties; the cohomology class attached to 
the group extension of the statement takes values in the group {±1}, which must be identified 
with a subgroup of F* by the (canonical) identification of its elements as automorphisms of the 
variety. In particular, we see that quadratic twisting only affects the sign components of the 
cohomology classes but leaves the degree components unchanged. 

Let (f): B^ ^ B he the isomorphism corresponding to the twist. Then (j)"^ is an isomorphism 
giving B as the if(^)-twist of Bj and for every a G Gq the map '^4>: '^{B^) '^B is an 
isomorphism giving '^{B^) as the K{^/^)-tw[st of ^B. Every compatible isogeny Vf,.: '^Bj B^ 
is of the form f^- = <> fi^^o'^cj) for a compatible isogeny /x^: '^B — > B which by hypothesis is 
defined over K. For r G Gk one has 

T J,— 1 r,. Tai T J,— 1 J, ,, cri—1 rai 



which equals if) and only if, the two other maps, each equal to ±1, coincide. But 

^ = ^ ^ ^ = ^ ^ r fixes V^/Vj. 

Hence the isogeny v^j is defined over K if, and only if, / ^ G if, and this condition is 
satisfied for every a G Gq exactly when the extension K(yJ^)/Q is Galois. 

Now assume the condition satisfied. For each s G Gal(Er/Q) fix a a lift s of s in Gal{K{^)/Q). 
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Then 
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= CB/K{s,t)'i^'"''cf>'<l>-') = CB/Kis,t) ■ jy^ , 

and the factor in the right is a cocycle associated to the group extension (11). □ 

We now recall some notation and results from [1]. If a, & G Q we denote (a, 6)q the quaternion 
algebra over Q generated by i,j with = a, = b and tj + Ji = 0. Let Qq = (2, 3)q be the 
quaternion algebra of discriminant 6 over Q, and let O = Z[i, (1 + j)/2], which is a maximal 
order of Qq. We also define the subrings R2 = Z[z] ~ Z[\/2], R3 = Z[j + ij] — Z[\/3] and 
Rq = ~ Z[-v/— 6], where fi = 2j + ij. A curve C is said to be a QM-curve with respect to 
O ii O can be embedded in the endomorphism ring of its Jacobian. If (B,p)/'Q is a polarized 
abelian variety and i? is a subring of End(S), the field of moduli kji is defined to be the smallest 
number field such that for any a G Gal(Q//cij) there exists an isomorphism (p^: B with 

(/)*(/>) = and such that r^t/^o- = (j)a°^r for all r ^ R. In other words, kji is the field of 
moduli of the object consisting of the polarized abelian variety {B,p) together with the ring of 
endomorphisms R C End(B). 

The family of surfaces we are going to consider is the following. For every algebraic number 
j G Q let Cj be the genus 2 curve with equation 

Cj : y2 ^ J^_4 ^ - 12(27j + 16)X^ - 6 (27j + 16) ^28 + 9^^) 

+ 16(27j + lefX-^ + 12(27j + 16)2 (28 - 9^/^) X^ (12) 
- 48(27j + 16)^X + 8(27j + 16)3 ^4 + 3^^) 

Let Bj = Jac(Cj) be its Jacobian, that will always be seen as a polarized variety with the 
canonical principal polarization induced by Cj. Some properties of these objects proved in [1] 
are summarized in the following: 

Proposition 6.2 (Baba-Granath) 

• The curve Cj has field of moduli Q{j). For every a G G'Q(j) such that ^\/—6j = — V~6j 
the map {x,y) <—>■ ^(^'^+^6) ^ y{ 2(27j+i6)) / ^ isomorphism "Cj —>■ Cj. 



• The field Q(\/— 6j) ■ ko is a field of definition of the endomorphisms of Bj. 

• The curves Cj are QM -curves with respect to O. Moreover, for all j G Q but for 26 values, 
End°(Bj) ~ Qe- Under this isomorphism the Rosati involution ' attached to the canonical 
polarization of Qj is given by ip' = p~^ip*p, where * indicates the canonical conjugation of 
Qe. 
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• The fields of moduli kji for the canonically polarized jacobian Bj and several rings of 
endomorphisms of interest are given in the following diagram: 



ko = QiVl, V-(27i + 16)) 




kR, = Q(v/-(27j + 16)) kn, = Q{Vj) kn, = Q{^-j{27j + 16)) 




kz = Q(j) 

When J G Q the abehan surfaces Bj have the property that for every a G Gq there exists 
an isomorphism '^Bj Bj, but this isomorphism does not need to be compatible (indeed, 
in general it is not compatible). However, if the algebra of endomorphisms of Bj is isomorphic 
to Qq then we can always find compatible isogenics. More generally, we have the 

Proposition 6.3 Let B/Q be an abelian variety whose algebra of endomorphisms is a central 
simple Q-algebra. Let a G Gq. If "^B and B are isogenous then there exists a compatible isogeny 
"B B. 

Proof: Call V the endomorphism algebra of B, and let ^j^: — ^ 5 be an isogeny. The 

map (/? 1-^ (pa°'^^°4'a^ ^ Q-algcbra automorphism of P since it fixes the center, which is Q by 
hypothesis. Then the Nocthcr-Skolem theorem implies that it is inner; that is, there exists an 
element V'o- G P such that (pa°'^'P°4'a^ — i^a^ The isogeny /Xg- = 'tpa°<Pa is compatible. □ 

Hence, wc sec that if j G Q and the endomorphism algebra of Bj is isomorphic to Qq then 
Bj is a building block completely defined over the field 

K = Q( V-(27i + 16), V-2(27i + 16)). 

From now on we assume that this is the case. Now we aim to compute the cohomology class 
[cBj]- The degree component [cbj] belongs to Hom(GQ, Q*/{ibl}Q*^), and we use the following 
notation to indicate the elements of this group: if t, ti G Q* wc denote by {t,d)p the morphism 
that sends an element a G Gq to d- {ibl}Q*^ if "^-v/t = —^/t and has trivial image otherwise. An 
expression of the form (ti,di)p ■ {t2, d2)p • . . . • {tr-, dr)p denotes the product of such morphisms, 
and all elements in Hom(GQ, Q*/{±1}Q*^) admit a (non-unique) expression of this kind. 

Proposition 6.4 The sign and degree components of [cBj\ are given by 

= {-{27j + 16), 3)p • (-i(27i + 16), 2)p, (13) 

[CB,]± = {-{27 j + 16),3)q • {-j{27j + 16),2)q • (2,3)q. (14) 

Proof: Recall that the degree component is the map a i-^ ^{no-) mod {ibl}Q*^, where fi^ is 
any compatible isogeny /Lt^: "^Bj — > Bj. If a G Gal{Q/ko), by the definition of ko there exists 
a compatible isomorphism <p^: '^Bj — Bj such that ^J(p) = '^P' where p is the polarization 
of Bj given by Cj. Applying the definition of S (see [11, Pag. 220]) we find that 6{<pcr) = 
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4'a°'^P ^°(t^a°P = <ka°<Pa^°P ^ °4>(j^ °4>a° P = ^- Hence, the degree component is the inflation of 
a map defined in Gal(A;c)/Q). Now, since ko = ■ kR^, we just need to compute ^(/io-) for 
a G Gal{Q/kRj for d = 2, 3. 

Let a be an element in Gal{Q/kR^) that does not fix ko- Since kR^ = Q{y/—{27j + 16)) 
and kR^ = Q(-\/— j(27j + 16)), in order to prove (13) we just need to see that 5(/io-) = d 
(mod Q*^). By the definition of kR^ there exists an isomorphism (pa- - '^B B compatible with 
the endomorphisms in i?^, but not necessarily compatible with all the endomorphisms. However, 
we know from 6.3 that we can find f/'o- G Qq such that Pa = "ipa' ^Pa is a compatible isogeny. Prom 
the proof of 6.3 we see that ipa is characterized by the property that <pa°'^^°(t>a^ = i^a^ ° f ° '^cr 
for every ip £ Qq. But if we take (p £ Rd, this particularizes to f = ■4>~^''iftpo-, so ipd commutes 
with every element in R^, which implies that ipd belongs to Rd<SiQ- Hence, if we write R^, = '^[cd], 
with C2 = I and cs = j + zj we have that V'd = « + bcj, for some a, 6 G Q. In fact, 6 7^ because 
otherwise the isomorphism ijja- would be compatible with all the endomorphisms of Bj , and this 
is not the case since we are assuming that a does not fix ko- Using the definition of 6{^a) we 
see that 

(5(/X^) = Si-lpa'Cpa) ='lpa°(t>a°'^P~^°'lpa°(l>a°P = 'ipa°(t>a°(l>a^°P~^°4>a^°4^^ 
= ll;a''P^^'"lpa°P = 1pa'"lpa- 

Now we know that if € Qe its Rosati involution is given by ip' = Hence, 

6(iJ,a) = ipa'tp'a = ia + bcd)ia + bcdy = {a + bcd)p~^{a- bcd)p 
= (a + bcd)'^ = a + db^ + 2abcd, 

and since S{^a) must lie in Q* and 6 / 0, we see that a = and 6{^a) = d (mod Q*^). 

Now, to prove the identity (14) we use [14, Theorem 2.8], which gives a formula for the 
Brauer class of the endomorphism algebra of a building block. Particularized to our case, and 
having computed the degree component, this formula gives 

(2,3)q = [CB,]± ■ {-{27 j + 16),3)q ■ {-j{21j + 16),2)q, 

and from this (14) follows. □ 

A CONCRETE EXAMPLE: J = 1/81. Let US now consider the example corresponding to this value 
of the parameter; let C = Cj and B = Jac(C). Then is a building block completely defined 
over K = Q{^/—6, and it is strongly modular over K if and only if [cr/k] ^ Ext(i^/Q, Q*); 

that is, if and only if it can be represented by a symmetric cocycle. In fact, since the degree 
component is always symmetric (over an abelian extension) we need to check this property only 
for the sign component [c^/A'li G H'^ {K / Q, {±1}) . 

Por d = —3, —6 we denote by Sd the non-trivial character Ed- Gal{Q{^/d) /Q) — > {±1}. The 
group H'^{K/Q, {±1}) admits a basis as a Z/2Z-vector space consisting of the classes of three 
2-cocycles that we call C£_g, Ce_^ and c^q-3 (see for instance [13, Section 2] for the definition 
of these cocycles and their properties). Hence, we have that 

[cB/K]± = [Ce.er-h.s]'-[c^e,-3r (15) 

for some a,b,c G {0,1}, and [cr/k] ^ Ext(i<'/Q, {±1}) if and only if c = 0. We know that 
Inf[c5/;^]± = [cb]±, which turns out to be trivial by (14). Since Inf[c£_g] = (— 6, — 1)q, 



20 



Inf[c£_3] = (— 3, — 1)q and Inf[c_6,-3] = (— 6, — 3)q, the only possibilities axe a = b = c = 
or a = b = I, c = 0. In both cases c = 0, which implies that [cb/k]± € Ext(i^/Q, {±1}) and 
therefore B is strongly modular over K. 

Let ^1,^2 £ H^{K/Q,Q*) be the cohomology classes with degree component ^1 = ^2 = 
(—3, 6)p and sign component = 1, ^2± = [ce-e] ' and let A = Res^/Q B. We have seen 
that either [cb/k] = ?i or [cB/_ft-] = ^^2- By direct computation wc sec that Q^i[G] ~ Q(\/6) x 
Q(\/6) and Q^^[G] ~ Q{VQ,V^), where G = Gal(i^/Q). By 4.5 we sec that if [cb/k] = 6 
then A ~(g) A'^ x Af^ for some newforms g and h with EndQ(Ag) ~ 'End(Q{Ah) ~ Q{^/6). On the 
other hand, if [c^//^] = ^2 then A ~q Aj for some newform / with EndQ(Aj) ~ Q(\/6, \/— 6). 
If p is a prime of K, let Lp{B/K,T) be the numerator of the zeta function of the reduction of 
B modulo p, and let Lp{B/K,T) = l\^^^Lp{B/K,T^'P), which is in fact equal to Lp{A/Q,T). 
By counting points in the reduction of B modulo primes of K we have computed some of these 
local factors: 



p 


Lp{B/K,T)=Lp{A/Q,T) 


5 


(1 - AT'' + 


7 


(1 - 2r + 7T^)« 


11 


(1 - 16T^ + ll^r4)4 


13 


(1 - 25T- + 13-7'^)^ 


17 


(1 - 2or^ + i7^r'')'^ 


19 


(1 - 37T^ + 19^r4)4 


23 


(1 + 40T^ + 23^rY 


29 


(1 - 34r^ + 29^r4)4 


31 


(1 -T + 31T^)^ 


37 


(1 - lOT^ + 37^r4)4 


41 


(1 + 58T^ + 4i^rY 



Some of these factors are of the form (1 + fipT^ +p^T"^)^, and if we had A A"^ x Af^ for some 
newforms g = Yl ^nQ^ and h = Cnq^ this would imply that 

1 + epT2 +p^T^ = (1 - tpT + pr2)(l - ''bpT + pT^), 

with (7 the non-trivial automorphism of Q(\/6)/Q, and a similar relation would hold for the 
coefficients Cp. But this relation implies that bp = Cp = 2p — Cp, which is impossible for the 
computed values of Cp because then the coefficients bp and Cp would not lie in Q(\/6)- Therefore, 
the actual cohomology class is [cb/k] — and A for some newform / = "^anQ^ with 

the Qn generating Q(\/6, \/— 6). However, proposition 3.3 tells us that there also exists a variety 
in the Q-isogeny class of B completely defined over K and with cohomology class ^1. We will 
find such a variety as the Jacobian of a quadratic twist of C. 

Let 7 = 2— -v/2- The extension K{^y^)/Q is Galois, and an easy computation shows that the 
cohomology class associated to (11) in this particular case is [c£_g] • [c£_3]. Hence, the variety B-y 
is completely defined over K and [cb^/k] = Cb/k ' [ce.e] " [ce-3] = Ci- Arguing as before we see 
that A^ = Jiesx/Q B-y is Q-isogenoTis to the square of a product of two modular abelian varieties 
with field of Fourier coefficients equal to Q(-\/6)- In S'2(ro(2^ • 3^)) we find a newform with field 
of Fourier coefficients Q(\/6) and Fourier expansion 

g = q+ V6q^ - + ^flq^^ - q^^ + 3^6^^^ + q^^ - V^q"^^ + ... 
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Let £ be the quadratic Dirichlet character of conductor 8 with £(3) = £(5) = —1, and let h = g®e 
which is a newform in S'2(ro(2^ '3^)). In the following table we list some local factors of the 
zeta functions corresponding to the varieties B^/ ^g/Q and Aj^/Q^. 



p 


Lp{B^/K,T) = Lp{A^/q,T) 


Lp(^g/Q,T) 


Lp{Ah/Q, T) 


5 


(1 + 4T^ + 5^r^)^ 


(1 + 4T^ + 5^r^) 


(1 + + 5^r^) 


7 


(1 + 2r + 7T'^Y 


(1 + 2r + TT^)^ 


(1 + 2r + 7r^)^ 


11 


(1 + 16r^ + WT^y 


(1 + \^T^ + IrT^) 


(1 + ler^' + 11^™) 


13 


(1 - r + 13T^)4(l + T + 13r^)4 


(1 + T + i3r^)^ 


(1 -T + i3r^)^ 


17 


(1 - 2or^ + i7^r4)4 


(1 - 20r^ + 17^T4) 


(1 - 20T^ + 17^T4) 


19 


(1 - T + i9r^)^(i + T + i9r^)'i 


(1 - r + i9r^)^ 


(1 + T + i9r^)^ 


23 


(1 + 4o:z'- + 23-:/'^)i 




(i + 4o:/'^ + 23-r'') 


29 


(1 + 34r^ + 29^rY 


(1 + 34r^ + 29^T4) 


(1 + 34r^ + 29^r'*) 


31 


(1 -r + 3ir^)« 


(i-r + 3ir^)^ 


(1 - r + 3ir^)^ 


37 


(1 - 8T + 37T^)*(l + ST + 37r^)'^ 


(1 - 8r + 37r^)^ 


(1 + 8r + 37T^)^ 


41 


(1 + 58r^ + 4i^r4)4 


(1 + 58T'^ + 41^r4) 


(1 + 58r^ + 4i^r*) 



We have checked the equality of the local factors of the zeta functions of A^ and J^g x for 
all primes -p < 1000 (p ^ 2, 3) and this suggests that A^ ~q x Af^. 

Comparing the local factors Lp{B /K,T) and Lp{B^/ K,T) we can also find a modular form 
/ such that A as a twist of g. More precisely, let ip be the Dirichlet character of order 4 

and conductor 16 such that ^^(3) = and ip{5) = \/— T. The modular form f = g ^ is a, 

newform in S2{To{2^ ■ 3^), V'^) and the local factors Lp{B/K,T) and Lp{Af,Tf coincide for all 
primes p< 1000 {pj^2,3). 

A CONCRETE EXAMPLE: j = —4/27. We now consider another example, corresponding to the 
stated value of j. The jacobian B of the curve Cj is also a building block completely defined 
over K = Q(a/^, ^/^), but a similar analysis shows that in this case the only possibilities 
for [cB/R-ji have c = 1 in the expression (15), and therefore [cB/ft-Ji is not symmetric. This 
means that no variety in the isogeny class of B is strongly modular over K. If we let for 
instance L = K[^/—l) it is easy to see that there exist symmetric elements of i7^(L/Q, {±1}) 
whose inflation to Gq is [cb]±, and then by 3.4 and 5.3 there exists a variety isogenous to B 
completely defined and strongly modular over L. 

Thus, in this case we have seen that it is enough to go to a quadratic extension L of to 
find a variety in the isogeny class of B that is strongly modular over L. However, in the family 
{Bj}j^Q we can find varieties where any minimal field L with this property is arbitrarily large. 
In fact, by 5.4 this is equivalent to find in this family varieties where the degree of any splitting 
field is arbitrarily large. We will see this by means of the following 

Lemma 6.5 Let r ^ 2 be an integer and let p be a prime such that p = 1 (mod 2'') and p = —1 
(mod 3). Then the order of any splitting character for B-^jp is at least 2^ . 

Proof: For simplicity we call B the variety Bi/p, and let [cb] be its attached cohomology class. 
By (14) the sign component [cb]± is given as the following product of quaternion algebras: 

[cb]± = (-(27 + I6p)/p, 3)q • (-(27 + 16p), 2)q • (2, 3)q. 

Applying the formulas for computing the local Hilbert Symbols at p we find that 

(-(27 + 16p)/p,3)p = -l, (-(27 + 16p), 2)^ = 1, (2,3)^ = 1, 
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and this implies that the local component of [cb]± at the prime p is —1. But [cb]± = [c^], where 
e is the splitting character associated to any splitting map a for B. We can identify e with 
a primitive Dirichlet character of a certain conductor N, and if Sp denotes the component of 
£ modulo the largest power of p dividing A^, then the local component of [c^] at p is given by 
£p{—l). The value £p{—l) = —1 is taken by the characters of order multiple of 2°'^'*2(p-i)^ ^nd it 
follows that ord(£) ^ ord(£p) ^ 2°^'^'^^~^\ which is at least 2'' by our choice of p. □ 

Proposition 6.6 For any integer r there exists a variety B in the family {Bj}j^Q such that 
any splitting field for B has degree at least T" . 

Proof: Take a prime p as in the previous lemma, and take as B the variety -Bi/p- Let a 
be any splitting map for B, and let e be its associated splitting character. Then we have that 
[Ka • Q] ^ [Ke : Q] ^ 2'-. □ 

Prom the lemma 6.5 we can derive another interesting consequence. 

Proposition 6.7 Let g he any natural number. There exist varieties B in the family {i?j}jgQ 
such that every Q-simple abelian variety A of GL2-type having B as its simple factor is of 
dimension dim^ ^ g. 

Proof: Let r be an integer such that (^(2^ ) = 2^'^^ ^ g, and take B = -Bi/p with p a prime as 
in lemma 6.5. If ^ is a simple abelian variety of GL2-type that has B as its simple factor, the 
field E = EndQ(A) is isomorphic to £'« for some splitting map a for S. The field Ea contains 
the values of the splitting character e associated to a, hence contains the 2^-th. cyclotomic 
extension, of degree if {2'^') over Q, and we have that dim74 = [Ea : Q] ip{2'^') g. □ 
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